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A theoretical framework for describing the kinematics and energetics of hexagonal atomic lattices, including planar car-
bon graphene sheets and cylindrical nanotubes, is proposed. By analogy with the membrane theory of thin shells, the
deformation of the particulate lattice in the neighborhood of each atom is described in terms of a uniquely deﬁned defor-
mation gradient and companion local inner displacement. Expressions for the pointwise tensions developing in the plane of
the lattice are developed, and a rational procedure for deriving discrete equilibrium equations is discussed. An alternative
formulation involving the second-order deformation gradient that parallels the strain gradient theory of bulk media is pro-
posed, and a tentative analogy with a the theory of micropolar elastic media is outlined.
 2007 Elsevier Ltd. All rights reserved.
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The cornerstone of continuum mechanics is the deformation gradient, F, relating an inﬁnitesimal material
vector before and after deformation by the linear relation dx = F Æ dX, where X is the position of a material
point particle before deformation, and x is the position of the same point particle after deformation. In prac-
tice, the nine components of the deformation gradient in three-dimensional space can be computed from the
images of three inﬁnitesimal material vectors, providing us with nine scalar equations.
For a crystalline solid described by one Bravais lattice or two superposed Bravais lattices, we use the Cau-
chy–Borne rule to relate the lattice vectors before deformation, Ai, to the lattice vectors after deformation, ai,
in terms of the macroscopic deformation gradient, ai = F Æ Ai, where i = 1,2 in the plane, or i = 1,2,3 in space
(e.g., Born and Huang, 1954). A tacit assumption is that the deformation gradient is constant over many crys-
talline cells, and the deformation is suﬃciently small so that material and geometrical nonlinearities do not
arise.
The physical relevance of the Cauchy–Borne rule was questioned by Friesecke and Theil (2001) based on a
benchmark consisting of a two-dimensional square lattice. In their model, particles located at the vertices of0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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Fig. 1. Illustration of (a) a zero-thickness elastic sheet showing two tangential material vectors before and after deformation, and (b) a
planar or curved hexagonal atomic lattice representing a graphene sheet. (c) A cubic surface can be deﬁned passing through the 10
particles.
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of spring potentials. The analysis uncovers a range of unfavorable spring parameters or large displacements
where the Cauchy–Borne rule fails.
For a zero-thickness elastic sheet, such as a biological or polymeric membrane illustrated in Fig. 1a, we
introduce the surface deformation gradient, FS, deﬁned from the expressions1 Fodx ¼ FS  dX; FS N ¼ 0; ð1Þ
where N is the unit normal vector before deformation. Because the vector dx is tangential in the deformed
conﬁguration, n Æ FS = 0, where n is the normal vector after deformation. In practice, the nine components
of FS can be computed from knowledge of the images of two tangential material vectors and the orientation
of the normal vector in the undeformed or deformed conﬁguration, providing us with nine scalar equations for
an equal number of unknowns. As long as the tangential vectors are inﬁnitesimal, their choice is immaterial.
Now consider a two- or three-dimensional surface deﬁned by a planar or curved hexagonal atomic lattice,
as shown in Fig. 1b. A particle (blue) has three closest neighbors (red), and each neighbor has three closest
neighbors (green).1 According to the Tersoﬀ–Brenner potential for a hexagonal carbon lattice (Brenner,
1990), the energy of the central atom (blue) depends on the relative position of its ﬁrst and second neighbors.
Ten atoms are thus involved in an energy cluster. The central atom is labeled 1, and the peripheral atoms are
labeled 2–9 in Fig. 1b. The atomic energy is a highly nonlinear function of the atomic positions.r interpretation of color in Figs. 1, 3, 4 and 6, the reader is referred to the web version of this article.
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at the location of the central particle can be deﬁned by sensible interpolation. For example, the unit normal
vector can be set equal to the average of the three unit normal vectors on each ﬂat triangle deﬁned by the cen-
tral atom and one pair of its closest neighbors. In an improved representation, a local Cartesian system x 0y 0z 0
with the z 0-axis aligned with the normal vector can be introduced, and the surface can be described with a com-
plete cubic function, asz ¼ f ðx; y; zÞ ¼ a0 þ a1x0 þ a2y 0 þ a3x02 þ a4x0y0 þ a5y02 þ a6x03 þ a7x02y0 þ a8x0y 02 þ a9y 03: ð2Þ
Because the number of coeﬃcients, a0  a9, is precisely equal to the number of atoms, the cubic is uniquely
deﬁned. In fact, because the atomic arrangement is analogous to that of the Pascal triangle, the molecular sur-
face can be described by a higher-order polynomial, provided that the directional curvatures of the surface at
the central atom are suﬃciently small compared to the inverse of the interatomic distances.
If the particulate sheet is deformed, the three bond vectors originating from the central atom, bi, shown in
Fig. 1b, will distort. By analogy with a zero thickness elastic sheet, we may writebi ¼ FS  Bi for i ¼ 1; 2; 3; FS N ¼ 0; ð3Þ
providing us with twelve scalar equations for the nine components of the surface deformation gradient. Con-
sequently, the surface deformation gradient is not single-valued for arbitrary deformations, and can be com-
puted either for one chosen pair of bonds and the normal vector abandoning the third bond, or for the triplet
of bonds abandoning the normal vector. The third approach fails in the case of a planar sheet subject to an
arbitrary in-plane particle displacement.
Previous authors have bypassed this essential diﬃculty by implicitly or explicitly focusing their attention to
spatially homogeneous deformations, where the atomic displacement is a linear function of position, and the
strain tensor is uniform over the particulate medium. By deﬁnition then, the surface deformation gradient is
single valued and well deﬁned. Unfortunately, continuum theories built on these premises are restricted in
scope and lack the necessary generality.
Other authors have regarded the atomic displacements, ui, as discrete realizations of a continuous and dif-
ferentiable function of surface coordinates and applied Taylor series expansions to write
u(x) = ui + (x  xi) Æ ($u)i, but did not discuss the existence of the deformation gradient, ($u)i. Some authors
have even extended the Taylor series to second order to obtain the high-order Cauchy–Borne rule, as will be
discussed in Section 4. The uniqueness of the second-order deformation gradient ($$u)i is even more doubtful
for general deformations.
These conceptual diﬃculties will be resolved by introducing an additional vectorial variable deﬁned at the
position of each particle, coined the local inner displacement, as discussed in Section 2. Once this is done, the
atomic energy can be expressed in terms of surface ﬁelds whose counterparts in the theory of continua can be
identiﬁed, as discussed in Section 3. An extended formulation that parallels the strain gradient theory of linear
elasticity is proposed in Section 4, and an analogy with the theory of micropolar media is outlined in Section 5.
2. Local inner displacement
With reference to the central (blue) atom shown in Fig. 1b, we propose closure by introducing the local
inner displacement, g, deﬁned by the equationsbi ¼ FS  Bi þ g for i ¼ 1; 2; 3; FS N ¼ 0: ð4Þ
Physically, introducing the inner displacement amounts to shifting the central atom after a locally homoge-
neous deformation, as illustrated in Fig. 2a. From a practical standpoint, introducing the inner displacement
allows us to balance the number of equations (twelve) with the number of unknowns (nine for the deformation
gradient and three for the inner displacement), and thereby render the surface deformation gradient single-val-
ued at every atom. When g = 0, the particulate sheet locally behaves like a continuum.
The second equation in (4) reveals that the surface deformation gradient is singular. By deﬁnition, the right
eigenvector corresponding to the zero eigenvalue is the normal vector in the undeformed conﬁguration.
Setting the corresponding left eigenvector equal to the normal vector in the deformed conﬁguration, n Æ FS = 0,
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Fig. 2. The central atom undergoes inner displacement (a) after or (b) before a locally homogeneous deformation in order to render the
deformation gradient single valued.
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by the three bonds.
We can put the three deformed bond vectors, bi, at the three columns of the bond matrix b^, and the three
undeformed bond vectors, Bi, at the three columns of the bond matrix B^, and writeb^ ¼ FS  B^þ g^; ð5Þ
where each of the three columns of the matrix g^ hosts the inner displacement, g. Rearranging, we obtain an
explicit expression for the surface deformation gradient,FS ¼ ðb^ g^Þ  B^1: ð6Þ
In an essentially equivalent approach, we introduce the inner displacement before deformation, H, deﬁned
from the equationsbi ¼ FS  ðBi þHÞ for i ¼ 1; 2; 3; FS N ¼ 0; ð7Þ
whereFS H ¼ g: ð8Þ
Physically, this amounts to adjusting the central atom before mapping, so that the surface deformation gra-
dient becomes single-valued, as illustrated in Fig. 2b. The second equation in (4) ensures that only the tangen-
tial component of this adjustment is relevant. In the computer implementation, adjustment after deformation
expressed by (4) is more convenient than adjustment before deformation expressed by (7).
Following a standard procedure in three-dimensional elasticity, we introduce the left Cauchy–Green sur-
face deformation tensorVS
2  FS  FST ; ð9Þwhose eigenvalues are k21; k
2
2, and zero. The positive values k1 and k2 are the principal tangential strains of an
eﬀective medium represented by the bonds. The corresponding eigenvectors point in arbitrary but mutually
orthogonal tangential directions with respect to the bonds. The ﬁrst and second invariants of VS
2
areI1 ¼ k21 þ k22  2; I2 ¼ k21k22  1: ð10Þ
If these invariants are the same at each atom over a planar or curved lattice, the deformation is homogeneous.
In that case, topological consistency requires that the inner displacement must also be the same at each atom.
736 C. Pozrikidis / International Journal of Solids and Structures 45 (2008) 732–745For deformation of the graphene in the xy-plane, the last row and last column of the surface deformation
gradient can be ﬁlled up with zeros, and the z-component of the inner displacement can be set to zero at the
outset. The formulation yields a system of six equations for the four non-zero components of the surface
deformation gradient and the two non-zero component of the inner displacement in the xy-plane. The number
of unknowns exactly balances the number of equations derived from the deformation of the three planar
bonds.
As an illustration, we consider the doubly periodic in-plane deformation of the planar graphene in the
(10,5) chiral mode, as shown in Fig. 3a and b. In this example, the atomic displacements describe a homoge-Fig. 3. (a–c) Doubly periodic deformation of the planar graphene sheet in the (10,5) chiral mode, and induced Tersoﬀ–Brenner potential.
(d, e) Bond network before and after deformation; the arrows indicate the exaggerated inner displacement, g, (f) Color-coded plot of the
magnitude of the inner displacement, jgj, and (g) four components of the associated deformation gradient.
C. Pozrikidis / International Journal of Solids and Structures 45 (2008) 732–745 737neous shearing deformation along the y 0-axis with shear strain 0.05, superimposed on the periodic inhomoge-
neous deformationFig. 4.
secondvx ¼ dxq sin 2px
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a
; vy ¼ dyq sin 2px
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a
; ð11Þwhere the y 0-axis is aligned with the chiral vector, dx = 0.5 and dy = 0.5. The induced Tersoﬀ–Brenner poten-
tial is displayed in Fig. 3c, with red color denoting high values and blue color denoting low values of the po-
tential. Fig. 3d and e shows the bond network before and after deformation, with arrows indicating the
exaggerated inner displacement. Fig. 3f shows a color-coded plot of the magnitude of the inner displacement,
and Fig. 3g shows corresponding color-coded plots of the four non-zero components of the planar deforma-
tion gradient.
Now we roll the graphene to form a (10,5) chiral nanotube, and compute the three-dimensional surface
deformation gradient and accompanying inner displacement by solving a system of 12 linear equations for
each atom, as discussed previously in this section. The unit normal vector before deformation, N, is directed
normal to the tube axis. Fig. 4a shows a color-coded plot of the magnitude of the inner displacement, Fig. 4b
and c shows the distribution of the ﬁrst and second invariants of the surface Cauchy–Green tensor, and
Fig. 4d shows the distribution of the atomic potential. This example visually conﬁrms the physical consistency
of the various quantities displayed.
Suppose that a planar atomic lattice undergoes a spatially homogeneous inner displacement superposed on
a homogeneous deformation. The inner displacement is deﬁned with respect to an ordered pair of the trian-
gular lattices comprising the hexagonal lattice. If the order is switched, the inner displacement reverses direc-
tion. The numerical procedure discussed in this section reproduces the imposed homogeneous deformation at
the position of each atom and yields an alternating local inner displacement ﬁeld where the inner displacement
of one triangular lattice is opposite to that of the second triangular lattice, as shown in Fig. 5. Physically,
displacing the dual lattices corresponds to some type of ‘‘phase transition’’ manifested by saw-tooth
oscillations.
In summary, we have described the kinematics of the atomic lattice in terms of a computable single-valued
surface deformation gradient and a computable inner displacement ﬁeld. The inner displacement has been
used by previous authors to describe the kinematics of homogeneous deformation where and surface deforma-
tion gradient are the same at all atoms and the inner displacement alternates across the two constituent trian-
gular lattices (e.g., Jiang et al., 2003; Chandraseker and Mukherjee, 2006; Treister and Pozrikidis, in press).
Examples can be found in the stretching, expansion, and twist of a cylindrical nanotube.The graphene has been rolled up into a nanotube. (a) Color-coded plot of the magnitude of the inner displacement, (b, c) ﬁrst and
invariant of the surface Cauchy–Green tensor, and (d) atomic potential.
Fig. 5. Illustration of an alternating inner displacement ﬁeld indicated by the blue arrows, produced when an atomic lattice undergoes a
spatially homogeneous inner displacement superposed on a homogeneous deformation. (For interpretation of colors in this ﬁgure legend
the author is referred to the web version of this article.)
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local inner displacement in that, if both are given, the local geometry of a particle cluster can be reconstructed.
Previous authors have described the kinematics in terms of a tangential deformation ﬁeld followed by warping
with an exponential map in order to construct a shape with a speciﬁed curvature at every atomic position (e.g.,
Arroyo and Belytschko, 2004).
To further illustrate the practical application of the proposed approach, we consider a circular patch of a
planar hexagonal lattice in the xy-plane, where each atom is connected with its three neighbors with identical
elastic springs, as shown in Fig. 6. To construct the patch, we retain only hexagonal cells whose center resides
inside a circle of radius R. In the numerical experiments, the lattice is deformed, the boundary nodes are held
ﬁxed, and the equilibrium positions of the interior nodes are computed by minimizing the total energy of the
network with respect to the interior atomic positions. In the numerical experiments, the equilibrium length of
the springs is set equal to the length of the springs in the initial (undeformed) construction. The atomic posi-
tion after deformation and before equilibration are given by the quadratic ﬁeldx0 ¼ x ð1þ a1 þ a2 xÞ; y 0 ¼ y ð1þ b1 þ b2 yÞ; ð12Þ
where distances have been normalized by R, and a1, a2, b1, and b2 are speciﬁed parameters.
Fig. 6 illustrates the equilibrium shape of a network for a deformation ﬁeld with a1 = 0.1, a2 = 0.25, b1 = 0,
and b2 = 0.25. The cyan struts correspond to the state of the lattice before equilibration, and the bold struts
correspond to the state of the lattice after equilibration. The displayed color ﬁelds illustrate the deformation
gradient ﬁeld and the two components of the inner displacement ﬁeld. These results explicitly illustrate the
establishment of an inhomogeneous deformation ﬁeld and the onset of a smoothly varying inner displacement
ﬁeld due to boundary deformation.
3. Energetics
Since the Tersoﬀ–Brenner potential of each carbon atom in a hexagonal lattice depends on the position of
the neighbors as well as on the position of the neighbors of the neighbors, the mechanical response of the par-
ticulate sheet is non-local. The functional form of the potential at the central atom numbered 1 isU1 ¼ F ðFS1 ;FS2 ;FS3 ;FS4 ; g1; g2; g3; g4Þ; ð13Þ
involving 4 · 12 = 48 scalar unknowns computed using 36 scalar equations.
3.1. Simpliﬁed potential
If we simplify the potential by neglecting the atomic interference of all other atoms on the three primary
bonds originating from the central atom, which amounts to retaining only the pairwise interactions, we will
obtain the following expression for the potential of the ith atom,
Fig. 6. Deformation of a hexagonal lattice whose atoms are connected with elastic springs, subject to a speciﬁed boundary displacement.
(a–d) The four components of the deformation gradient ﬁeld, and (e, f) the inner displacement ﬁeld.
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Invariance to rotation of the four-particle cluster requires the functional formUi ¼ FðV2i ;HiÞ: ð15Þ
The second argument is the inner displacement before deformation. Because of the inherent anisotropy due to
the particulate nature of the atomic sheet, the ﬁrst argument on the right-hand side may not be replaced by the
two scalar invariants, I1 and I2, as done in continuum mechanics of surfaces. We can sensibly spread the atom-
ic potential over the surface represented by the atomic lattice to obtain the surface density function
740 C. Pozrikidis / International Journal of Solids and Structures 45 (2008) 732–745/ ¼ GðV2;HÞ: ð16Þ
In practice, spreading can be done using radial basis functions or other interpolation methods for scattered
data. The result will be similar to that displayed in Fig. 3c and 4d.
Next, we consider the potential of a collection of N atomsUtotal ¼
XN
i¼1
UiðV2i ;HiÞ: ð17ÞUsing the principle of virtual displacements, we ﬁnd that the force load of the ith atom in a speciﬁed geomet-
rical conﬁguration isFi ¼ oUtotaloxi ¼
XN
j¼1
oUj
oxi
; ð18Þwhere the derivative with respect to xi is computed holding the position of all other particles ﬁxed. Because of
the simpliﬁed two-body interaction, only four terms in the sum survive corresponding to j = i and three other
values of j labeling the closest neighbors of the ith atom. The derivatives of Uj with respect to xi can be recast
in terms of derivatives with respect to V2j and Hj using the chain rule,oUj
oxi
¼ oUj
oV2j
oV2j
oxi
þ oUj
oHj
oHj
oxi
; ð19Þwhere oHi/oxi = I. This expression provides us with a venue for computing the pointwise atomic load from
derivatives with respect to the V2j and Hj.
3.2. Small deformation
Consider a slightly deformed membrane regarded as a two-dimensional curved continuum, and introduce
the displacement ﬁeld v deﬁned by x = X + v. The transpose of the surface deformation gradient can be
expressed in the formFS
T ¼ PþrSv ¼ P  ðIþrvÞ; ð20Þwhere $S  P Æ $v is the tangential gradient, and P = I-NN is the tangential projection operator in the unde-
formed conﬁguration. Linearizing the left Cauchy–Green surface deformation tensor with respect to v, we ﬁndVS
2  FS  FST ’ Pþ 2 S ; ð21ÞwhereS ¼ 1
2
ðrSvþ ðrSvÞTÞ ð22Þis the symmetric surface strain tensor. We are thus led to considering the following functional form for the
surface strain energy function,v ¼ GðSÞ: ð23Þ
The work increment associated with an arbitrary deformation of a control surface D isdE ¼
Z Z
D
dv dS ¼
Z Z
D
sijd
S
ijdS; ð24Þwhere sij is the surface tension tensor conjugate to the surface strain tensor, and dS is a diﬀerential surface
area. Setting the variation to zero in the absence of a surface load, and integrating by parts, we derive the equi-
librium equationrS  s ¼ 0: ð25Þ
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ments, resulting in a generalized equilibrium equation.
We can apply this classical formulation to a particulate sheet for the purpose of identifying eﬀective tension
ﬁelds and deriving discrete equilibrium equations. The counterpart of (20) for an atom labeled 1 and three
neighbors labeled 2, 3, and 4 on a slightly deformed atomic lattice isFS
T
1 ¼ Pþ
X
j¼2;3;4
TðjÞ  ðvj  v1Þ; ð26Þwhere vi are the atomic displacements, and T
(j) are three-index transfer matrices dependent on the local atomic
topology and satisfying N1 Æ T
(j) = 0. When vj = 0 for j = 2,3,4, F
S
1 ¼ P for any central displacement, v1, caus-
ing a local inner displacement, and thusX
j¼2;3;4
TðjÞ ¼ 0: ð27ÞThe discrete symmetric surface strain tensor at the location of the central atom isS1 ¼
1
2
X
j¼2;3;4
ðTj þ TðjÞ
TÞ  ðvj  v1Þ; ð28Þwhere the transpose applies to the ﬁrst two indices.
The inner displacement before deformation can be expressed in the corresponding formH1 ¼
X
j¼2;3;4
SðjÞ  ðvj  v1Þ; ð29Þwhere S(j) are new transfer matrices. When vj = 0 for j = 2,3,4, H1 = v1; thus,X
j¼2;3;4
SðjÞ þ I ¼ 0: ð30ÞSince a locally isotropic deformation does not induce an inner displacement,X
j¼2;3;4
SðjÞ  A  ðXj  X1Þ ¼ 0; ð31Þwhere A is an arbitrary matrix.
The work increment for a collection of N atoms can be expressed in the formdU ¼
XN
i¼1
dUi 
XN
i¼1
ðsi : dSi þ vi  dHiÞ; ð32Þwhere si is a discrete surface tension ﬁeld and vi is a discrete surface force ﬁeld. Thus,si ¼ oUoSi
; vi ¼
oU
oHi
: ð33ÞThese derivatives can be expressed in terms of derivatives with respect to the individual atomic displacements
using the chain rule, and then evaluated by numerical methods. Discrete equilibrium equations may be derived
by substituting (28) and (29) into (32) and then involving the principle of virtual displacements. Although the
procedure is undoubtedly cumbersome, it does provide a rational framework for developing equilibrium equa-
tions on the particulate sheet and thereby establishing an analogy with continuum media for small
deformations.
The discrete surface ﬁeld vi is conjugate to the discrete inner displacement ﬁeld. In the theory of thin shells,
the surface energy depends on the surface strain and curvature tensor whose conjugate ﬁelds are the tangential
tension tensor and tangential bending moment tensor. By analogy then, the surface ﬁeld vi embodies the eﬀect
of bending moments associated with changes in the curvature of the particulate sheet.
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An alternative formulation is possible in terms of the local inner displacement, the ﬁrst surface deformation
gradient,WS, and the second deformation gradient, GS. Consider the nine vectors subtended between a chosen
atom and its ﬁrst and second neighbors, as illustrated in Fig. 7. We denote these vectors by Bi before defor-
mation and by bi after deformation, and writebi ¼ WS  Bi þ gi þ
1
2
GS : Bi Bi for i ¼ 1; 2; . . . ; 9; WS N ¼ 0: ð34ÞBecause only the symmetric part of GS deﬁned in terms of 3 · 6 = 18 scalars is relevant, we may assumeGSijk ¼ GSikj: ð35Þ
We have nine unknowns in WS (full matrix), three unknowns in g, and eighteen unknowns in GS, a total of
thirty unknowns. The union balances exactly the number of equations corresponding to nine bonds and the
normal vector before or after deformation. Accordingly, the local inner displacements and the ﬁrst and second
deformation gradients are uniquely deﬁned. The unsimpliﬁed Tersoﬀ–Brenner potential of the ith atom takes
the formV i ¼ UðWSi ;GSi ; giÞ; ð36Þ
where GSi incorporates the combined eﬀect of local geometrical nonlinearity and curvature.
This formulation bears a striking similarity with the strain gradient theory for a three-dimensional elastic
medium developed by Toupin (1962) and Mindlin (1964, 1965), and further advanced by Hutchinson and
coworkers (e.g., Fleck and Hutchinson, 1997). In this approach, a material vector before deformation is
related to the same vector after deformation by the counterpart of the ﬁrst equations in (34) in the absence
of an inner displacement,dx ¼ dX  ðIþrvÞ þ 1
2
dXdX : rrv; ð37Þwhere v is the continuous displacement ﬁeld. In the linear strain gradient theory, the strain energy function, w,
depends on the symmetric strain tensor  ¼ 1
2
ðrvþ ðrvÞTÞ, and on the symmetric second deformation gradi-
ent, f  $$v. The work increment of a material in a volume X isdE ¼
Z Z Z
X
dwdV ¼
Z Z Z
X
ðrijdij þ sijkdfijkÞdV ; ð38Þ1
1b
2b
2
3
4
b3
5
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7
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Fig. 7. Nine bonds originate from the central atom up to the ﬁrst and second neighbors.
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the equilibrium equationr  rrr : s ¼ 0: ð39Þ
Because this is a high-order diﬀerential equation, six boundary conditions on the displacement ﬁeld or traction
ﬁeld are required.
Guo et al. (2006) and Wang et al. (2006) regarded the atomic displacement, ui, as discrete realizations of a
continuous and diﬀerential function of surface coordinates, u, and applied Taylor series expansions to write
the counterpart of (37)uðxÞ ¼ ui þ ðu uiÞ  ðruÞi þ
1
2
ðu uiÞðu uiÞ : rrv; ð40Þtermed the high-order Cauchy–Born rule. Our discussion indicates that this expansion is valid only for a re-
stricted class of deformations. Corroborative evidence is furnished by the lack of a unique method for com-
puting the ﬁrst and second deformation gradients for a hexagonal lattice, culminating in the introduction of
the interwoven Bravais lattice shift. Guo et al. (2006) and Wang et al. (2006) proposed an expression similar to
that shown in the ﬁrst equation of (34),bi ¼WS  ðBi þ niÞ þ
1
2
GS : ðBi þ niÞðBi þ niÞ; ð41Þfor i = 1,2,3, but then computed the inner displacement ni by minimizing a strain energy density. This inner
relaxation removes valuable degrees of freedom necessary to consistently describe the kinematics for arbitrary
deformations.
The unsimpliﬁed Tersoﬀ–Brenner potential of a collection of N atoms on a planar or curved sheet may now
be expressed in the formUtotal ¼
XN
i¼1
UiðWSi ;GSi ;HiÞ: ð42ÞUsing the principle of virtual displacements, we ﬁnd the atomic force loadFi ¼ oUtotaloxi ¼
XN
j¼1
oUj
oxi
: ð43ÞWe can repeat the small deformation theory outlined in Section 3 to derive expressions for localized general-
ized tensions and accompanying equilibrium equations. The details are tedious yet straightforward.
5. Discussion
We have proposed a kinematic framework for describing the arbitrary deformation of a planar or curved
hexagonal atomic lattice. The deformation is deﬁned by the surface deformation gradient and the inner dis-
placement, both evaluated at the position of each individual atom. The analysis oﬀers a rational method
for developing discrete equilibrium equations analogous to those developed for thin membranes.
An apparent similarity exists between the hexagonal lattice of the graphene and the hexagonal lattice of a
two-dimensional cellular solid illustrated in Fig. 8a. In the case of a two-dimensional elastic frame, the struts
support axial tension, transverse tension, and accompanying bending moments, corresponding to a ‘‘direc-
tional elastic potential.’’ Bazˇant and Christensen (1972) proposed an analogy between a planar uniform rect-
angular framework shown in Fig. 8b and a micropolar elastic medium, and substantiated its relevance by
numerical calculations. To visualize this analogy, we consider the deformation depicted in Fig. 8b involving
buckled structure members. In this example, the macroscopic deformation quantiﬁed in terms of the displace-
ment of the nodes (joints) is zero, but the individual struts undergo local (micro)rotation illustrated by the
broken lines. Point particle rotation is the cornerstone of a micropolar (Cosserat) medium. One important
assumption underlying this proposal is that the joints are stiﬀ, which means that the angles subtended between
xy
Fig. 8. Deformation of an elastic grid framework with (a) hexagonal, and (b) rectangular structure. The shaded triangle in (a) indicates the
surface area apportioned to the central joint.
744 C. Pozrikidis / International Journal of Solids and Structures 45 (2008) 732–745two intersecting struts is 90 before and after deformation. In this way, the micropolar rotation angle is single-
valued.
Wang and Stronge (1999, 2001) extended the formulation to a hexagonal honeycomb lattice relevant to the
graphene under the same assumption of stiﬀ joints, as illustrated in Fig. 8b. In their approach, strains and
stresses are analyzed in a frame of reference deﬁned by the two base vectors of the Bravais lattices underlying
the honeycomb. More recently, Kumar and McDowell (2004) generalized the methodology to square, equilat-
eral triangular, mixed triangular, and diamond cell topologies.
The most interesting aspect of the micropolar-medium theory is the dependence of the energy density func-
tion on the micro-rotation angle, /, in addition to the deformation gradient. In fact, the main intention of the
micropolar-medium theory is to introduce an additional degree of freedom for the purpose of capturing non-
local material response.
The strain energy density function takes the functional formw
ovx
ox
;
ovy
oy
;
ovy
ox
 /; ovx
oy
þ /; o/
ox
;
o/
oy
 
; ð44Þwhere v is the macroscopic displacement ﬁeld. Derivatives with respect to each one of the arguments on the
right-hand side of (44) yield, respectively, the stresses and couple stresses, rxx, ryy, rxy, ryx, mxz, and myz. It
can be shown that these ﬁelds satisfy the force and torque equilibrium equationsr  r ¼ 0; rxy  ryx þ omxzox þ
omyz
oy
¼ 0; ð45Þand may thus be used to formulate and solve an equivalent problem for a generalized elastic continuum (Erin-
gen, 1966, 1968, 1999). It is worth noting that, because of the developing bending moments, the stress tensor is
no long symmetric.
The tentative analogy between a micropolar medium and a nanotube was recently noted by Xie and Long
(2006) in a study of linear, single- and multi-walled nanotube vibration. In their formulation, a strain energy
density was deduced from a two-dimensional analysis of the graphene. Although classifying the graphene as a
micropolar medium is an interesting proposal, the underlying assumption of homogeneous deformation must
be carefully examined.
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